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Abstract
We extend the definition of fundamental group scheme to non-reduced schemes over any connected
Dedekind scheme. Then we compare the fundamental group scheme of an affine scheme with that of its
reduced part.
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1. Introduction
The fundamental group scheme of a connected and reduced scheme X over a field k has been
introduced by Madhav Nori in [14] and [15]. Later in [5] Gasbarri has shown how to construct
the fundamental group scheme of an integral scheme X over a connected Dedekind scheme S.
Because of these unpleasant assumptions, as first pointed out by Nori in [15, §1], we were not
even able, in general, to construct the fundamental group scheme of a scheme Y where Y → X
is a G-torsor for a finite and flat S-group scheme G since Y can easily be non-reduced when G
is not étale. In [4, Theorem 3], Garuti has shown how to solve this problem when S is both the
spectrum of a field and a connected Dedekind scheme. A different proof when the base scheme
is the spectrum of a field can be found in [2, Theorem 4.1]. The aim of this paper is to prove the
following more general statement:
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scheme and f : X → S a faithfully flat morphism of finite type provided with a section x ∈ X(S).
Then X has a fundamental group scheme.
Although a tannakian description would be very interesting, the proof of Theorem 1.1 will
not make use of tannakian formalism but will be based on a very simple idea: fix a connected
Dedekind scheme S, in both Nori and Gasbarri’s definitions the fundamental group scheme turns
out to be the projective limit of all the finite and flat S-group schemes that act on torsors over X.
In both cases they proved that the category of all finite torsors (i.e. under the action of a finite and
flat group scheme) over X pointed over a section x ∈ X(S) is filtered; then one can ask whether
every torsor can be preceded by a “privileged” torsor (these are called reduced by Nori when S
is the spectrum of a field). Here the idea is to inverse these operations: first we prove that every
torsor is preceded by a somewhat “privileged” torsor, then we will prove that the category of
such torsors is filtered, thus obtaining the desired result. The role of “privileged” torsors will be
played by “dominated” torsors (cf. Definition 2.2).
Let moreover X be a noetherian S-scheme, Xred its reduced part and x a geometric point of
Xred then one obtains, as a consequence of [8, I, Théorème 8.3], an isomorphism π ét1 (Xred, x) 
π ét1 (X,x) between étale fundamental groups, induced by the canonical closed immersion
Xred ↪→ X. In Section 3 we will study the behavior of the fundamental group scheme after a
thickening of order one, using the theory of the cotangent complex. This will certainly provide
useful tools for further analysis. At the moment we are able to compare the fundamental group
scheme of an affine and noetherian scheme X with that of its reduced part Xred obtaining the
following result:
Theorem 1.2. (Cf. Theorem 3.4.) Let X be a connected, affine and noetherian scheme, faithfully
flat and of finite type over S and let ired : Xred ↪→ X be the canonical closed immersion. Let
x ∈ Xred(S), then the natural morphism
π1(Xred, x) → π1(X,x)
between the fundamental group schemes of Xred and X induced by ired is a closed immersion.
2. Construction
Throughout this section S will be any connected Dedekind scheme and f : X → S a faithfully
flat morphism of finite type of schemes endowed with a fixed S-valued point x : S → X. More-
over a triple (Y,G,y) over X will always stand for an fpqc-torsor Y → X, under the (right) action
of a flat S-group scheme G endowed with an S-valued point y ∈ Yx(S) and a morphism between
two such triples (Y,G,y) → (Y ′,G′, y′) will be the datum of a pair of morphisms α : G → G′,
β : Y → Y ′ such that β(y) = y′ and such that the following diagram commutes:
Y × G β×α
G-action
Y ′ × G′
G′-action
Y
β Y
′
The category whose objects are isomorphism classes of triples (Y,G,y) with the additional as-
sumption that G is finite and flat is denoted by P(X). The aim of this paper is to construct the
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tion 1]) extended here to a Dedekind scheme:
Definition 2.1. The scheme X has a fundamental group scheme π1(X,x) if there exists a
triple (Y˜ , π1(X,x), y˜) such that for any (Y,G,y) ∈ Ob(P(X)) there is a unique morphism
(Y˜ , π1(X,x), y˜) → (Y,G,y). The π1(X,x)-torsor Y˜ → X is called the universal torsor.
Definition 2.2. We say that a triple (Y,G,y) over X is dominated if for every morphism
(Y ′,G′, y′) → (Y,G,y) the group morphism G′ → G is schematically dominant, i.e. the cor-
responding morphism on their Hopf algebras is injective.
Definition 2.3. We say that a triple (Y,G,y) over X is quotient if for every morphism
(Y ′,G′, y′) → (Y,G,y) the group morphism G′ → G is faithfully flat.
Definition 2.4. We say that a triple (Y,G,y) over X is preceded by a triple (Y ′,G′, y′) if there
exists a morphism (Y ′,G′, y′) → (Y,G,y).
While in general we can only say that a quotient triple is also a dominated one, it is clear that
when S is the spectrum of a field then quotient triples and dominated triples coincide (cf. for
example [1, §1.1] and references therein). These were called reduced by Nori in [15] and often
in recent literature they are called Nori-reduced.
Lemma 2.5. Let G and H be two finite and flat S-group schemes both of order n. Assume that
i : H ↪→ G is a closed immersion then i is an isomorphism.
Proof. Easy, since S is a Dedekind scheme. 
Proposition 2.6. Every triple (Y,G,y) is preceded by a dominated triple.
Proof. If (Y,G,y) is already dominated there is nothing to prove. Otherwise there exists a
triple (Y1,G1, y1) and a closed immersion (Y1,G1, y1) ↪→ (Y,G,y) (i.e. G1 ↪→ G and con-
sequently Y1 ↪→ Y are closed immersions); indeed since (Y,G,y) is not dominated there exist at
least a triple (Y ′1,G′1, y′1) and a morphism (Y ′1,G′1, y′1) → (Y,G,y) which is not schematically
dominant, i.e. the canonical morphism p1 : G′1 → G is not schematically dominant. Thus p1 fac-
tors through a closed immersion G′1 → G1 ↪→ G (cf. for example [1, Lemma 2.2]). We simply
say that (Y1,G1, y1) is contained in (Y,G,y), where Y1 := Y ′1 ×G
′
1 G1. Between all the triples
(Yi,Gi, yi) contained in (Y,G,y) we can choose, since |G| is finite, one triple (Y ′,G′, y′) such
that n := |G′| is the smallest possible. We claim that this triple is dominated. If it were not then it
would contain a triple (P,H,p) with |H | n. But (P,H,p) is also contained in (Y,G,y) then
by the minimality of n we have |H | = n, hence the canonical morphism H → G′ being a closed
immersion is an isomorphism according to Lemma 2.5. Thus (Y ′,G′, y′) is a dominated triple
preceding (Y,G,y). 
2.1. Schemes over a field
If S = Spec(k) with k any field, we have already observed that Proposition 2.6 implies that
every triple over X is preceded by a quotient triple. Then it is now easy to prove that the category
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objects are isomorphism classes of quotient triples. Then the following theorem holds:
Theorem 2.7. Let k be a field, S = Spec(k), X a scheme and f : X → S a faithfully flat morphism
of finite type provided with a section x ∈ X(S). Then the category Pq(X) is filtered.
Proof. Given three quotient triples (Y,G,y) and (Yi,Gi, yi), i = 1,2, with (faithfully flat)
morphisms γi : (Yi,Gi, yi) → (Y,G,y) we need to prove the existence of a quotient triple
(T ′,H ′, t ′) with maps (T ′,H ′, t ′) → (Yi,Gi, yi) making the following diagram
(T ′,H ′, t ′) (Y1,G1, y1)
(Y1,G1, y1) (Y,G,y)
commute. First we prove that (T ,H, t) := (Y1 ×Y Y2,G1 ×G G2, y1 ×y y2) ∈ Ob(P(X)). Indeed
pulling back by T → X, which is faithfully flat, we obtain the diagram
T ×X T α T
T ×X Y1 T ×X Y2 Y1 Y2
T ×X Y Y
T X
but T is an fpqc covering of X trivializing each of Y , Y1 and Y2 thus from T × Gi  T ×X Yi
(i = 1,2) and T ×G  T ×X Y we obtain an isomorphism ψ : T ×H  T ×X T . Then the action
α ◦ψ : T ×H → T of H on T gives T the desired structure of H -torsor. If (T ,H, t) is quotient
we are done. Otherwise we use Proposition 2.6 in order to obtain a quotient triple (T ′,H ′, t ′)
preceding (T ,H, t); this concludes the proof. 
Then we can define a pro-object lim←−Pq (X)(Yi,Gi, yi). We still denote lim←−Pq (X) Gi by π1(X,x)
which is an S-group scheme (cf. [7, Proposition 8.2.3]) and lim←−Pq (X) Yi by Y˜ which is a scheme
pointed in y˜ := lim←−Pq (X) yi . Now for any (Y,G,y) ∈ Pq(X), according to Proposition 2.6 and
Theorem 2.7, there is a (necessarily unique) morphism
(
Y˜ , π1(X,x), y˜
)→ (Y,G,y),
thus X has a fundamental group scheme:
Definition 2.8. Let k be a field. We call the k-group scheme π1(X,x) the fundamental group
scheme of X in x and Y˜ the π1(X,x)-universal torsor over X.
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While for schemes over a field it has been quite easy for schemes over a Dedekind scheme it
will be a little more complicated since in general a triple is not preceded by a quotient triple. So
we work in the category Pd(X), the full subcategory of P(X) whose objects are isomorphism
classes of dominated triples over X and we will use the results of previous section. In this section
S will be any connected Dedekind scheme. The proof of the following theorem, even if slightly
different, is strongly based on the proofs of [15, II, Lemma 1] and [5, Proposition 2.1], but
the details are recalled, for the sake of completeness, and simplified where possible. The only
completely new point is step 3 of the proof.
Theorem 2.9. Let S be a connected Dedekind scheme, X a connected scheme and f : X → S a
faithfully flat morphism of finite type provided with a section x ∈ X(S). Then the category Pd(X)
is filtered.
Proof. In what follows η will denote the generic point of S. Given three dominated triples
(Y,G,y) and (Yi,Gi, yi), i = 1,2, with morphisms γi : (Yi,Gi, yi) → (Y,G,y) we need to
prove the existence of a dominated triple (T ′,H ′, t ′) with maps (T ′,H ′, t ′) → (Yi,Gi, yi) mak-
ing the following diagram
(T ′,H ′, t ′) (Y2,G2, y2)
(Y1,G1, y1) (Y,G,y)
commute. First we prove that (T ,H, t) := (Y1 ×Y Y2,G1 ×G G2, y1 ×y y2) ∈ Ob(P(X)). We
can assume H to be a finite and flat S-group scheme (if it is not we can replace (T ,H, t) by the
schematic closure of its generic fiber (Tη,Hη, tη) in (T ,H, t), according to [5, Lemma 2.2]). We
divide the reminder of the proof in three steps:
1. T is an H -torsor over T/H : the morphism Y → X is separated (since affine) then T is
a closed subscheme of E := Y1 ×X Y2, which is clearly a G1 ×S G2-torsor. Consider the
diagram
E ×X T T
E ×X Y1 E ×X Y2 Y1 Y2
E ×X Y Y
E X
but E trivializes all the three torsors Y → X and Yi → X since E → X factors through Y but
also through Yi . Thus from the isomorphisms E×X Yi  E×S Gi and E×X Y  E×S G we
obtain the isomorphism E×X T  E×S (G1 ×G G2). Pulling back by the closed immersion
T ↪→ E we finally obtain the isomorphism T ×X T  T ×S (G1 ×G G2) = T ×S H . Thus
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deduce that T is an H -torsor over T/H and not the whole X.
2. The canonical morphism T/H → X is a closed immersion: since it is a finite morphism it
is sufficient to prove that the diagonal morphism 	 := 	(T/H)/X : T/H → T/H ×X T/H
is an isomorphism. Consider the isomorphism T ×T/H T  T ×X T given by, for every
S-scheme U , the composition of
T ×T/H T → T ×S H,
(
t, t ′
) → (t, h)
for t, t ′ ∈ T (U) and h ∈ H(U) the unique element such that t · h = t ′ and
T ×S H → T ×X T , (t, h) → (t, t · h) =
(
t, t ′
)
.
Then it can be rewritten as
idT × 	 × idT : T ×T/H T /H ×T/H T → T ×T/H (T /H ×X T/H) ×T/H T .
Thus 	(T/H)/X is an isomorphism as required.
3. The above closed immersion T/H ↪→ X is an isomorphism: observe that T/H is flat over
S since T is flat over S and over T/H . So let Xη be the generic fiber of X, then the triple
(Tη,Hη, tη), generic fiber of (T ,H, t), is a torsor over Xη as we have already proved: indeed
it is the fibered product of the triples (Yiη,Giη, yiη) over (Yη,Gη, yη) and the morphisms
between such triples are all faithfully flat. Moreover Xη  Tη/Hη  (T /H)η where the last
isomorphism comes from [3, Proposition 3.4.5]. As T/H is the unique subscheme of X,
flat over S whose generic fiber is isomorphic to Xη it follows that T/H  X (cf. [6, Propo-
sition 2.8.5]) thus (T ,H, t) ∈ Ob(P(X)). If (T ,H, t) is not a dominated triple simply use
Proposition 2.6 in order to conclude. 
As in the previous section we can construct π1(X,x), Y˜ and y˜ in this more general setting.
Definition 2.10. Let S be a connected Dedekind scheme, X a connected scheme and f : X → S
a faithfully flat morphism of finite type. We call the S-group scheme π1(X,x) the fundamental
group scheme of X in x and Y˜ the π1(X,x)-universal torsor over X.
3. Comparison of fundamental group schemes after thickening
3.1. The cotangent complex of a morphism of schemes
Let f : X → Y be a morphism of schemes and let L•Y/X be its cotangent complex (cf.
[9, II, §1.2] and [13]): it is a complex of OX-modules of perfect amplitude ⊂ [−1,0] (cf.
[11, §1]). Now consider the following situation: let S be any base scheme, G a flat S-group
scheme locally of finite presentation, let X and Y be G-schemes and f : Y → X a G-equivariant
morphism of schemes (e.g. f is a G-torsor), then we can define a complex of G-equivariant
OX-modules (LGY/X)• whose underlying complex of OX-modules is isomorphic to L•Y/X (cf.
[11, §2]): it is called the equivariant cotangent complex of Y over X. Finally we denote by lY/X
the co-Lie complex of Y over X (cf. [11, Definition 2.5]).
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From now on S will denote a connected Dedekind scheme. By a thickening of order one we
mean a closed immersion of schemes i : X0 → X1 whose sheaf of ideal I := ker(i
 : OX1 
i∗OX0) is of square zero, i.e. I2 = 0; then in particular the underlying topological spaces are
the same. Let G be a finite and flat S-group scheme, by a deformation (or extension) of a G-
torsor f0 : Y0 → X0 we mean a G-torsor f1 : Y1 → X1 whose pull back over X0 is isomorphic to
f0 : Y0 → X0. We recall the following result concerning deformation of torsors after thickening
stated in our settings:
Theorem 3.1. Let i : X0 → X1 and I be as before. Let G be a finite and flat S-group scheme
and f0 : Y0 → X0 a G-torsor, then
1. there exists an obstruction ω(f0, i) ∈ H2(X0, l∨Y0/X0 ⊗L I) whose vanishing is necessary
and sufficient for the existence of a deformation of f0 : Y0 → X0.
2. When ω(f0, i) = 0 then the set of isomorphism classes of G-torsors over X1 deforming
Y0 → X0 is an affine space under the action of the group H1(X0, l∨Y0/X0 ⊗L I).
Proof. Cf. [10, Théorème 2.4.4 and Remarque 2.4.4.1 a)]. 
Lemma 3.2. Let T be any affine scheme, F• a complex of OT -sheaves of modules concentrated
in [0,1], then Hn(T ,F•) = 0 for every n 2.
Proof. Recall that the hypercohomology group Hn(T ,F•) is defined as RnΓ (F•) =
Hn(Tot
∏
(Γ (I••))) where Γ is the global section functor and I•• is a Cartan–Eilenberg res-
olution of F•. Since F• is concentrated in [0,1] and T is affine then the result follows from
simple computations on the morphisms
dn : Tot
∏(
Γ
(I••))n → Tot
∏(
Γ
(I••))n+1. 
We now state a useful consequence of previous facts:
Corollary 3.3. Let i : X0 → X1 and I be as in Theorem 3.1 with the additional assumption that
X0 and X1 are affine. Let G be a finite and flat S-group scheme and f0 : Y0 → X0 a G-torsor,
then f0 : Y0 → X0 admits a deformation over X1.
Proof. According to Lemma 3.2 the hypercohomology group H2(X0, l∨Y0/X0 ⊗L I) is trivial,
then we conclude using Theorem 3.1, point 1. 
Now let S be an affine and connected Dedekind scheme, X := Spec(A) a connected, affine
and noetherian scheme, faithfully flat and of finite type over S and consider the canonical closed
immersion
ired : Xred ↪→ X
where Xred := Spec(A/I) denotes the reduced part of X. Since X is noetherian then the nilradical
I of A is nilpotent, i.e. there exists an integer n > 0 such that In = 0 and In−1 = 0 [12, (14.38)
Theorem (Levitsky)]. For all j = 2, . . . , n set Ij := {i ∈ I | i · i1 · . . . · ij−1 = 0 ∀i1, . . . , ij−1 ∈ I }
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of thickenings of order one:
Spec(A/In) ↪→ Spec(A/In−1) ↪→ ·· · ↪→ Spec(A/I2) ↪→ Spec(A).
Theorem 3.4. Let X be a connected, affine and noetherian scheme, faithfully flat and of finite
type over S and let ired : Xred ↪→ X be the canonical closed immersion. Let x ∈ Xred(S), then the
natural morphism
π1(Xred, x) → π1(X,x)
between the fundamental group schemes of Xred and X induced by ired is a closed immersion.
Proof. It follows by the previous discussion and Corollary 3.3 iterated n − 1 times. 
As observed in the introduction this closed immersion is an isomorphism when char(k(s)) = 0
for every s ∈ S.
4. Conclusion
In this paper we have constructed the fundamental group scheme of a scheme X over a con-
nected Dedekind scheme S even if X is not integral. Then we have compared, when X is affine,
the fundamental group scheme of a scheme X with that of Xred. We do not know how easy can be
to study the morphism π1(Xred, x) → π1(X,x) when X is not affine. It would be interesting to
investigate, for instance, the behavior of the above morphism when X is a projective irreducible,
non-reduced curve over a field k of positive characteristic; as shown, the cotangent complex
offers a useful tool for further analysis.
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